Asymptotic Padé-approximant methods are utilized to estimate the leading-order unknown (i.e., not-yetcalculated) contributions to the perturbative expansions of two-current QCD correlation functions obtained from scalar-channel fermion and gluon currents, as well as from vector-channel fermion currents. Such contributions to the imaginary part of each correlator are polynomials of logarithms whose coefficients (other than the constant term within the polynomial) may be extracted from prior-order contributions by use of the renormalization-group (RG) equation appropriate for each correlator. We find surprisingly good agreement between asymptotic Padé-approximant predictions and RG-determinations of such coefficients for each correlation function considered, although such agreement is seen to diminish with increasing n f . The RG-determined coefficients we obtain are then utilized in conjunction with asymptotic Padé-approximant methods to predict the RG-inaccessible constant terms of the leading-order unknown contributions for all three correlators. The vector channel predictions lead to estimates for the O(α 4 s ) contribution to R(s) ≡ [σ(e + e − → hadrons)/σ(e + e − → µ + µ − )] for three, four, and five flavours. *
Introduction
In phenomenological applications of perturbative QCD, one often encounters series of the form S = 1 + R 1 x + R 2 x 2 + R 3 x 3 + ..., where x is the expansion parameter α s /π, and where only the first two or three coefficients R i are known. Since calculation of the higher-loop diagrams for subsequent values of R i becomes progressively more difficult, and since the expansion parameter x is often large (as in QCD sum rule applications), it is important to have a reliable method of estimating subsequent radiative corrections to the series S -that is, of estimating at least the first not-yet-calculated coefficient R i .
In the present paper, we employ the asymptotic Padé-approximant approach (already developed to determine successfully renormalization-group functions within QCD [1, 2, 3] and scalar field theories [1, 4] ) in order to estimate the leading uncalculated contributions to the imaginary (absorptive) parts of scalar-and vector-current correlation functions within QCD. As all but nonlogarithmic terms within these contributions can be extracted by renormalization group methods [3] , the asymptotic Padé-approximant estimates for coefficients of powers of logarithms can be tested against renormalization-group predictions for these coefficients. We find an astonishing degree of accuracy in such predictions, particularly for the coefficients of the highest and next-to-highest powers of logarithms within the leading uncalculated contributions to correlators.
In Section 2, we consider the imaginary part of the scalar fermion-current correlation function, which has been calculated [5] to three subleading orders in α s /π. The fourth order term may be expressed as a degree four polynomial in ln(s/s 0 ), where s 0 is understood to be the continuum-threshold parameter of QCD sum-rule integrals in the scalar channel. We find good agreement between asymptotic Padé-approximant predictions and renormalization-group determinations for the four coefficients of ln k (s/ contribution to the correlator, although this agreement diminishes as flavour-number n f increases from 3 to 6. In Section 3, we consider the imaginary part of the scalar gluon-current correlation function, which has been calculated [6] to two subleading orders in α s /π. The leading uncalculated term is a degree-three polynomial in ln(s/s 0 ). Asymptotic Padé-approximant predictions for all three coefficients of ln k (s/s 0 ) [k = {1, 2, 3}] are found for n f ≤ 4 to be in excellent agreement (≤ 10% relative error) with values determined from the renormalization group, and within 22% relative error for n f = {5, 6}.
In Section 4, the absorptive portion of the vector fermion-current correlator is analyzed. Once again, the leading unknown contribution to this correlation function, which has been calculated to three subleading orders in α s /π [7] , is estimated by asymptotic Padé-approximant methods and compared to renormalization-group determination of the coefficients of ln
The agreement is found to be excellent for k = 3 and 2, but not for k = 1, where an approximate factor-of-two discrepancy is seen to occur. This discrepancy is explored further by expressing the asymptotic Padé-approximant estimate for the leading unknown contribution to the vector correlator as an asymptotic series in the variable L ≡ −ln(s/s 0 ):
.. . The two leading series coefficients d 3,2 of this large-L expansion replicate exactly the renormalization-group determination of the two leading polynomial coefficients d 3,2 within the R 4 contribution to the vector correlator, i.e., the coefficients of −ln 3 (s/s 0 ) and ln 2 (s/s 0 ). The coefficient d 1 of −ln(s/s 0 ) obtained from this large-L expansion, corresponding to an alternative Padé estimate of the k = 1 coefficient, is found to differ substantially from the correct value. However, these two asymptotic Padé-approximant approaches for estimating the k = 1 coefficient, as delineated above, are seen to straddle the correct result, suggesting for the vector correlator an overall insensitivity of asymptotic Padé-approximant methods to the k = 1 coefficient. A least-squares determination of the coefficients d k confirms this insensitivity to d 1 .
Finally, in Section 5 we utilize asymptotic Padé-approximant methods, in conjunction with renormalizationgroup determinations of ln k (s/s 0 ) polynomial coefficients, in order to estimate those constant (i.e., k = 0) terms which cannot at present be extracted by renormalization-group methods. Such terms are of phenomenological interest for estimating higher-loop effects in QCD Laplace and finite-energy sum-rules. Moreover, such predictions can be tested against subsequent perturbative calculations. Of particular interest are predictions obtained for the
The Scalar Correlator for Fermion Currents
We consider first the scalar current correlation function
based upon the scalar fermion current
The absorptive portion of this correlator may be expressed in terms of the ratio w ≡ s/s 0 , where s ≡ p 2 , and s 0 is the continuum threshold usual to QCD sum-rule analysis (i.e., the kinematic threshold above which purely-perturbative QCD alone is adequate to describe the correlation function):
3)
The coefficients R 1 (w), R 2 (w) and R 3 (w) have been determined for arbitrary flavour number [5] . For example, when n f = 3, these are given by
This information is sufficient in itself to generate an asymptotic Padé-approximant prediction for R 4 (w) [3, 4] :
This prediction, in turn, may be utilized to generate (via numerical integration) the first five (nonsingular) finiteenergy-sum-rule moments [4] The significance of these moments is that they may be used to estimate the polynomial coefficients of ln(w) in R 4 (w), which is known to be fourth-order in ln w:
Substituting (2.10) into (2.8) we see that
(2.14) 
As is evident from (2.3) and (2.4-6) , the correlation function is in the following form
where a i , b i and c i are known, and where the d i are unknown. Given the known β-andγ-function coefficients
one can obtain via (2.17) the following set of equations for the d i : The agreement between these numbers and the asymptotic Padé predictions (2.16) is astonishing close, ranging from a 14% relative error in the prediction of d 1 to a 1.2% error in the prediction of d 4 . This close agreement supports the two-parameter asymptotic error formula [3] 
used to derive the asymptotic Padé-approximant prediction (2.7) in ref [4] . The above agreement is not peculiar to n f = 3. Table 3 tabulates corresponding results for the n f = 4, 5 and 6 scalar-correlation functions. It is evident from Table 3 that the accuracy of asymptotic Padé-approximant predictions for d 1 − d 4 is actually better for n f = 4 and 5 than it is for n f = 3. A diminution of accuracy becomes evident only when n f = 6.
The Scalar Correlator for Gluon Currents
We now consider the QCD gluonic scalar current correlation function Π G = <
>. This correlation function is of the same form as (2.1) but with j s (y) replaced with the RG-invariant gluonic current j G (y)
The absorptive portion of this correlation function can be extracted to order-α 4 s from a previous three-loop calculation [6] of the correlation function < (G 2 ) 2 >. Using our previous notation we find that
where x ≡ α s /π and L ≡ ln(s 0 /s), as before, and where the known coefficients a 0 , a 1 , b 0 , b 1 , and b 2 are tabulated in Table 4 . These coefficients are sufficient in themselves to determine the aggregate coefficients of x and x 2 in the correlator:
Asymptotic Padé-approximant methods may be utilized to predict that [4]
This function may then be employed in the integrands of moment integrals
for k = {0, 1, 2, 3}. The numerical values of P k can then be used, as before, to determine explicitly the coefficients c 0,1,2,3 that characterize R 3 (w) as a degree-3 polynomial in ln(w):
8)
P 2 = c 0 + c 1 /3 + 2c 2 /9 + 2c 3 /9 (3.11)
In Table 4 , the values of these integrals P k are tabulated for n f = {0, 2, 3, 4, 5, 6}, as extracted via (3.6) from (3.3) and (3.4). These integrals, in turn are sufficient to predict the coefficients {c 0 , c 1 , c 2 , c 3 } by explicit solution of the set of linear equations (3.9 -12). These predicted values of c 0−3 are labelled as asymptotic Padé-approximant predictions (APAP) and tabulated at the bottom of Table 4 .
As in the previous section, all but one (c 0 ) of these coefficients may be extracted via the renormalization-group equation satisfied by the gluonic scalar-current correlation function
where, as before, ∂/∂L = s 0 ∂/∂s 0 , and where β(x) is given by (2.20) with the coefficients listed in Table 2 . Upon application of (3.13) to the explicit form (3.2) for Im Π G , one finds that
We have tabulated values of c 1 , c 2 , c 3 extracted via these equations as c 1 (RGE), c 2 (RGE) and c 3 (RGE) towards the bottom of Table 4 . In comparing asymptotic Padé-approximant predictions (APAP) for c 1−3 to their actual values, as determined from RG (3.13), one finds accuracy within 4% for c 1 and c 2 , and within 6% for c 3 when n f = 0. This accuracy diminishes somewhat as n f increases, although the agreement remains striking even out to six flavours. Table 4 's least accurate asymptotic Padé-approximant prediction, that of c 1 when n f = 6, differs from the true (RG) value by only a 22% relative error. This agreement may be understood to confirm the applicability of the one-parameter simplification of the asymptotic error formula (2.29)
obtained in ref. [1] and utilized in Section 5 of ref. [4] to obtain eq. (3.6).
The Vector Correlator for Fermion Currents
The vector-current correlation functions may be extracted from the Adler-function ("D-function") presented in ref [7] :
where x = α s /π, as before, and where [7] A 0 = 1.98571 − 0.115295n f (4.2)
(4.4)
If we identify µ 2 with the continuum threshold s 0 , we find that the absorptive portion of this correlator is given by
where w ≡ s/s 0 and where
With this information, it is possible to repeat the calculation of Section 2 in order to estimate the O(x 4 ) coefficients within Im Π v . One can utilize (4.8), (4.9) and (4.10) within (2.7) to obtain an asymptotic Padé-approximant prediction of the function R 4 (w). Using this function, one can explicitly evaluate the moment integrals N −1 , N 0 , N 1 , and N 2 , as defined by eq. (2.8). These four moments are sufficient to provide an estimate of the polynomial coefficients d i within R 4 (w), which must be degree-3 in ln w:
The four linear equations relating moment integrals N k to coefficients d i are given by (2.11-14) , with the constant d 4 taken to be zero [the corresponding x 4 term for the scalar correlator was degree-4 in ln w]. These four equations can then be solved to obtain asymptotic Padé-approximant (APAP) estimates of d 0 , d 1 , d 2 , and d 3 .
We have tabulated these estimates for n f = {2, 3, 4, 5} in Table 5 . These estimated values for d 1−3 can be tested against renormalization group determinations of these coefficients. The vector-current correlation function (4.7) can be parametrized similar to
where L ≡ ln(s 0 /s)[= −ln w], and where the constants in (4.12) are related to those in (4.1) by
The correlator (4.12) has the same RG-invariance as (3.2), and is therefore a solution of (3.13). This equation predicts the following values for d 1 , d 2 , and d 3 : 
Using (4.17) within the first two terms listed in (4.19), we find that
These APAP ′ predictions, based entirely upon (2.7), coincide exactly with the RG determinations (4.18) of d 3 and d 2 . In Table 6 we tabulate the corresponding predictions d This insensitivity of the d 1 prediction is evident from a least-squares approach which finds values for d k which minimize the quantity
where R 4 (w) is obtained by substituting (4.8-10) into (2.7). For n f = 3, the χ 2 integral (numerically evaluated) becomes the following quadratic form:
Minimization of the χ 2 is equivalent to minimization of the matrix quadratic form and the quadratic form becomes
Although the quadratic form (and χ 2 ) is minimized by the wide range of singular values σ 0 ≫ σ 2 > σ 3 implies that the χ 2 depends strongly on y 0 and y 1 , but is relatively insensitive to y 2 and y 3 . This broad χ 2 minimum in the y 2 and y 3 directions compared with the sharp minimum in the y 0 and y 1 directions implies a comparatively large uncertainty in the extraction of y 2 and y 3 from the Padé approximation. Since y 3 is both large and uncertain, the relation x = V y implies that d 0 and d 1 (and to a lesser extent d 2 ) are dominated by the values of y 2 and y 3 rather than y 0 and y 1 , and hence d 0 , d 1 are poorly determined. However, the y 2 , y 3 dependence of the RG accessible d k can be eliminated to find the single linear combination independent of d 0 that is well determined by the χ 2 minimization: Table 7 alongside the APAP estimates already listed in Table  3 . As is evident from the Table, both Padé methods predict quite similar values d 4 , d 3 and the sub-subleading coefficient d 2 , with the asymptotic large-L expansion (APAP ′ ) approach showing even greater accuracy than the moment-integral (APAP) approach delineated in Section 2. For the scalar correlator, the APAP ′ approach does not show signs of breaking down until the third subleading order of (2.7)'s large-L expansion, the coefficient d 1 , for which APAP ′ is considerably less reliable than APAP. This observation is confirmed by a χ 2 minimization analysis of the scalar correlation function, which shows that the d k are much less sensitive to any poorly determined y i .
Thus we see that different asymptotic Padé estimates do an excellent job of predicting leading and subleading O(x 4 ) coefficients for both the vector (d 2 , d 3 ) and the scalar (d 3 , d 4 ) fermionic current correlators. However, the approaches diverge drastically in predicting the sub-subleading term (d 1 ) in the vector correlator, indicative of the limitations of the Padé method for this case. By contrast, the sub-subleading term (d 2 ) in the scalar coordinator is quite well predicted using either method, suggesting greater reliability of APAP predictions in the scalar channel for subsequent subleading terms.
Padé-Estimates of RG-Inaccessible Coefficients
We have seen that the renormalization group equation may be utilized to determine all but one of the next-order coefficients in current correlation functions. Specifically, the coefficient d 0 in scalar (2.19) and vector (4.12) fermioncurrent correlation functions, as well as the coefficient c 0 in the scalar gluon-current correlation function (3.2), are not subject to RG constraints. However, knowledge of these constants is vital to a number of phenomenological applications, such as higher order perturbative contributions to QCD sum-rules, which may be large at low s 0 [3] , or the O(α
Up until now, our emphasis has been on demonstrating how asymptotic Padé-approximant methods can estimate RG-accessible coefficients within the correlators (2.17), of (3.2), and (4.12). However, it is evident from Tables 3,4,5 and 6 that the accuracy of such estimates diminishes as the subscript index i of coefficients d i and c i decreases. The APAP predictions for d 0 in Table 5 , for example, are quite suspect because of the insensitivity of APAP predictions to d 0 and d 1 in this channel, as discussed in the previous section.
To obviate these difficulties, we can estimate d 0 (c 0 ) for fermion (gluon) correlators by first averaging the asymptotic Padé-approximant expression for R 4 (w) [R 3 (w)] over the interval 0 < w < 1, and by then removing the known contributions of RG-accessible coefficients d 1−4 (c 1−3 ) to this average. For the scalar fermion-current correlation function, this procedure amounts to the use of RG-determined coefficients within (2.11):
The integral in (5.1) is just the integral N −1 tabulated in Table 3 , where RG-values of d 1−4 are also listed. These new estimates [labelled d 0 (APAP ′ )] are presented in Table 8 for n f values of phenomenological interest, and are compared to the prior estimates of Table 3 obtained from higher-moment integrals. The two predictions are comparable for n f = 3, 4, but quite far apart for n f = 6.
Corresponding predictions for the scalar gluon-current correlation function may be obtained from rearrangement of (3.9):
with c 1−3 (RG) and the integral (P 0 ) as given in Table 4 . These new predictions for c 0 , labelled as c 0 (APAP ′ ) in Table 9 , are in good agreement with the previous Table 4 predictions c 0 (APAP) for n f ≤ 4, reflecting the somewhat better agreement of Table 4 's predictions with RG values.
Finally, d 0 estimates for the vector fermionic correlator
with all constants on the right hand side as tabulated in Table 5 , are displayed in Table 10 . Here the discrepancy with prior APAP estimates is quite large, but within a factor of 2 for the phenomenologically important n f = 5 case. We reiterate, however that the Table 5 estimates of d 0 are likely skewed by the factor-of-two disparity between corresponding estimates of d 1 versus RG determinations of d 1 . Consequently, we regard the top line estimates of Tables 8-10 to be the ones to be tested against future calculation.
As just one such example, the quantity R(s) is obtained entirely from the nonlogarithmic coefficients within (4.12):
The coefficients b 0 and c 0 are given by (4.13) in terms of constants listed in (4.2-6), and are also tabulated in Table  10 . Thus, for five active flavours we predict that
where the well-known first four terms [7, 9] have been augmented by the n f = 5 APAP ′ estimate for d 0 in Table 10 .
This prediction for the x 4 term in (5.5) differs in both sign and magnitude from an earlier Padé-motivated prediction [10] . The prediction is also substantially less than the 73.5x
4 term one would obtain applying (2.7) directly to the first three terms in (5.5) . Such an approach, however, is based on the constants b 0 and c 0 only, corresponding to finding R 4 (w) only for the specific choice w = 1 within (2.7). By contrast, the result (5.5) devolves from an estimate incorporating our exact knowledge of all coefficients b i , c i , and d i (except d 0 ) to find the average value of R 4 (w) over the full range of w.
In Table 10 , the exact values for b 0 and c 0 are tabulated for n f = {2, 3, 4} as well. These values can be substituted into (5.4) to display n f = {3, 4} expressions for R(s) which incorporate the APAP ′ estimate for d 0 . It is interesting to note that the predicted magnitude of the x 4 coefficients in R(s) is quite modest, suggesting that the accuracy of phenomenology based on the preceding three subleading orders of perturbation theory is not compromised by higher-order corrections. - Table 2 : Coefficients of QCD β-and γ-functions, as defined in (2.20) and (2.21). Table 2 .
- - ) for the vector correlator, as obtained via large-L asymptotic expansion of (2.7), are compared to the exact results d 1 (RG) and to the Padé estimates d 1 (APAP) of Table 5 obtained through use of (2.7) in integrands of moment integrals N k (2.8). The two Padé estimates are seen to straddle the exact result.
---------------------------------n f = 3 n f = 4 n f = 5 n f = 6 Table 7 : Padé estimates d i (APAP ′ ) of coefficients d i for the fermionic scalar-current correlator, as obtained via large-L asymptotic expansion of (2.7), are compared to exact (RGE) results and to the APAP estimates of Table  3 . The APAP ′ estimates are seen to predict d 4 , d 3 , and d 2 with even better accuracy than the APAP estimates, but to suffer substantially diminished accuracy in predicting d 1 .
- Table  3 . d 0 (APAP) are previous predictions obtained in Table 3 without RG-inputs.
--------------------------------
---------------------------------n f = 0 n f = 2 n f = 3 n f = 4 n f = 5 n f = 6 c 0 (APAP Table 9 : Asymptotic Padé-approximant predictions of the c 0 -coefficient in the scalar gluon-current correlation function. c 0 (APAP ′ ) is obtained from (5.2) using renormalization-group determinations of c 1−3 , as given in Table  4 . c 0 (APAP) are previous predictions obtained in Table 4 without RG-inputs.
- Table  5 . d 0 (APAP) are previous predictions obtained in Table 5 without RG-inputs. Exact values of b 0 and c 0 [7, 9] are also displayed to facilitate use of (5.4) to obtain n f = 3, 4 expressions for R(s).
-

